A theory for quantum-mechanical calculations of cross sections for atom-molecule and molecular collisions in a magnetic field is presented. The formalism is based on the representation of the wave function as an expansion in a fully uncoupled space-fixed basis. The systems considered include 1 S-atom-2 ⌺-molecule, 1 S-atom-3 ⌺-molecule, 2 ⌺-molecule-2 ⌺-molecule, and 3 ⌺-molecule-3 ⌺-molecule. The theory is used to elucidate the mechanisms for collisionally induced spin depolarization.
I. INTRODUCTION
The theory for quantum-mechanical close coupling calculations of cross sections for atom-molecule and molecular collisions has been known for over 40 years. After the work of Arthurs and Dalgarno, 1 most authors used the total angular momentum representation for the close coupling expansion of the wave function. 2, 3 The total angular momentum representation reduces the dimension of the coupled channel problem, but the physics of fully resolved state-to-state transitions is often not transparent from the expressions for the coupling matrix elements. Recent years have witnessed an increased interest to atomic and molecular collisions in external magnetic and electric fields. The total angular momentum is not conserved in collisions in an external field and the conventional close coupling theory of molecular collisions needs to be modified. A formulation in a space-fixed frame would allow for calculations at specific values of the total angular momentum projection which remains a good quantum number in a homogeneous field and provide insight into the mechanism of state-resolved transitions based on the structure of the coupling matrices.
Molecules with magnetic dipole moments can be trapped in an inhomogeneous magnetic field if their translational energy is less than the potential of the magnetic field forces. 4 -7 The trapping selects molecules in the states whose energy increases with increasing magnetic field. Trapped molecules offer a variety of research possibilities such as high precision spectroscopy 8 and manipulation and control of molecular interactions. 9 A general method for loading molecules in a magnetic trap relies on buffer gas cooling. [5] [6] [7] [8] Molecules are slowed down to temperatures of near or less than 1 K by elastic collisions with precooled buffer gas atoms, usually He. The efficiency of the buffer gas loading depends on the rate at which collisions with He atoms induce relaxation from the Zeeman level with the highest energy. The lowest temperature of the trapped molecules that can be achieved by buffer gas cooling is of the order of 0.3-1 K. The buffer gas may then be removed and the molecules cooled to lower temperatures by evaporative cooling due to elastic energy transfer in molecule-molecule collisions. Spin depolarization in molecular collisions limits the evaporative cooling. An alternative method to produce ultracold molecules is photoassociation of laser-cooled alkali-metal atoms. [10] [11] [12] The photoassociation of two atoms in the 2 S-state with maximal stretching of spin produces diatomic molecules in the 3 ⌺ state. The molecules are trapped but collisions with atoms induce both rovibrationally inelastic and spin-depolarization transitions leading to trap loss and release of energy.
The efficiency of the production of ultracold molecules depends on the mechanisms driving spin-depolarization transitions in atomic and molecular collisions in a magnetic field. Spin depolarization in atom-molecule and moleculemolecule collisions in the absence of a magnetic field has been studied by Volpi and Bohn, 13 Avdeenkov and Bohn, 14 and Bohn 15 and quantum calculations for atom-atom collisions in external fields have been carried out by several authors. 16 -26 Fukuda 27 has studied high speed atom-molecule collisions in strong magnetic fields and discovered mechanisms for inelastic transitions that depend on the molecular center of mass velocity and Volpi and Bohn 28 have calculated rate constants for spin relaxation in collisions of O 2 ( 3 ⌺) molecules with He atoms in a magnetic field. A close coupling expansion in terms of products of Hund's case ͑b͒ functions of the diatomic molecule and the wave functions of the rotational angular momentum of the collision complex was used. Volpi and Bohn found that the rate of the Zeeman relaxation increases dramatically with magnetic field at low collision energies and small magnetic fields.
In this article we develop the formalism for quantummechanical close coupling calculations of cross sections for a͒ Mailing address: ITAMP, Harvard-Smithsonian CfA, 60 Garden Street, Cambridge, MA 02138. Electronic mail: rkrems@cfa.harvard.edu atom-molecule and molecular collisions in a magnetic field. The method is based on expansion of the wave function in a fully uncoupled space-fixed basis. This leads to equations from which the mechanism for Zeeman transitions in rotationally ground-state molecules can be identified. We discuss spin-depolarization in collisions of 2 ⌺ and 3 ⌺ molecules with structureless targets and in collisions of 2 ⌺ and 3 ⌺ diatomic molecules with 2 ⌺ and 3 ⌺ molecules. The theory presented can be used also for the analysis of spectra of van der Waals complexes in magnetic fields. Atomic units are used throughout the article. Bold symbols denote matrices, vectors, and nonscalar operators.
II. THEORY
The total Hamiltonian of two particles ͑A and B͒ with nonzero spin can be written as
where
R is the Jacoby coordinate joining the centers of mass of the colliding particles, l is the angular momentum describing the rotation of the vector R, is the reduced mass of the colliding particles, H A and H B denote the Hamiltonians of the isolated particles A and B, V AB denotes the potentials for the interaction between A and B and the superscripts si and sd are used to distinguish the spin-independent ͑si͒ and spindependent ͑sd͒ terms. The terms V A sd and V B sd include the interaction with external magnetic fields. In a magnetic field, the spherical symmetry of the scattering problem is broken and it is not possible to formulate the collision problem in the conventional coupled representation of Arthurs and Dalgarno. 1 We propose instead to expand the total wave function in products of eigenfunctions of l 2 , H A si , H B si , S A 2 , and S B 2 as follows:
where The matrix H as may not be diagonal in the basis ͑4͒ for systems with spin-orbit and spin-spin interaction and we introduce a transformation C that diagonalizes the matrix H as . It is assumed that the interaction of l with other angular momenta and the magnetic field can be neglected. The asymptotic matrix H as is always diagonal in l and m l . The matrix of the transformation C is constructed numerically but its structure follows from the form of the operators in Eq. ͑2͒. The solution of the close coupled equations at a fixed total energy E
subject to the boundary conditions
gives the S-matrix or the probability amplitudes for transitions between the eigenstates of the C T H as C matrix labeled by the indexes ␣,l,m l . The notation k ␣ is used for the wave number corresponding to channel ␣. The total angular momentum projection M is conserved and the matrix U does not contain couplings between the states with different values of M . The computations can therefore be carried out independently for different values of M .
The cross sections for elastic and inelastic scattering are computed from the S-matrix according to
The derivation of this expression is given in the Appendix.
In the following sections we derive expressions for the elements of the U-matrix in the space-fixed uncoupled representation ͑4͒ for the cases of 1 The interaction potential of a structureless atom with a 2 ⌺ diatomic molecule is spin-independent and the total Hamiltonian of the 1 S-atom-2 ⌺-molecule system in a magnetic field can be written as
with the asymptotic Hamiltonian of the form If the interaction potential V(R,r) is expanded in spherical harmonics
the matrix elements of V in the basis ͑10͒ can be evaluated using the Wigner-Eckart theorem
where the symbols in parentheses are 3 j-symbols. R and r in Eq. ͑11͒ are unit vectors in the direction of R and r, respectively. The matrix elements of the spin-rotation operator can be readily obtained using the identity
where N Ϯ and S Ϯ are the ladder operators. 30 They have the form
.
͑14͒
The matrices of N 2 , l 2 , and 2 0 BS z are diagonal in the basis ͑10͒.
The constant ␥ in Eq. ͑13͒ is independent of R. Because the matrix of the spin-rotation interaction is nondiagonal, we need to introduce a transformation C that diagonalizes the matrix of the asymptotic Hamiltonian H as . This transformation will not mix states with different values of N. Thus N is a good quantum number at Rϭϱ. Since there are no elements in the matrix of the N"S operator that couple states with different values of M S ϩM N , the transformation C conserves the sum. It follows from Eq. ͑12͒ that the matrix elements of the interaction potential that couple the states with M N and M N Ϯ⌬M N also couple the states with m l and m l ϯ⌬M N and there are no couplings between the states corresponding to different values of M N ϩm l . Because the matrix of the electrostatic interaction is diagonal in M S and the matrix of the spin-rotation interaction is diagonal in m l , the sum M ϭM N ϩM S ϩm l is conserved in a collision.
B. Collisions of 1 S-atoms with 3 ⌺-molecules
The Hamiltonian of the 1 S-atom-3 ⌺-molecule system can be obtained from that of the 1 S-atom-2 ⌺-molecule system by adding to H as a term describing the spin-spin interaction in the molecule
where SS is the spin-spin interaction constant and ͓S S͔ (2) is a tensorial product of S with itself. 29 The basis functions are the same as defined in Eq. ͑10͒. The matrix elements of the V SS operator are given by the following expression
with the double-bar matrix element given by
The symbol in the curly brackets is a 6 j-symbol. When S ϭ1, the 6 j-symbol is equal to 1/6, and the double-bar matrix element is equal to ͱ5.
It follows from Eqs. ͑17͒ and ͑18͒ that the spin-spin interaction mixes states with different values of M S and M N but conserves the sum M S ϩM N . The V SS operator couples states with different values of N so N is not a good quantum number, even asymptotically at Rϭϱ.
C. Collisions of 2 ⌺-molecules with 2 ⌺-molecules
The Hamiltonian of two interacting 2 ⌺ molecules ͑A and B͒ can be written as 31, 32 HϭϪ
with the asymptotic Hamiltonian given by
where V AB (R,r A ,r B ) is the spin-independent intermolecular potential, A AB (R,r A ,r B )S A •S B is the spin-dependent interaction that splits the interaction potential surfaces corresponding to different values of total spin and V dip (R) is the magnetic dipole interaction. The basis functions are the products
The interaction potential V AB (R,r A ,r B ) can be expanded in spherical harmonics
and the matrix elements of the interaction potential in the basis ͑22͒ can be evaluated as follows:
͑24͒
The A AB (R,r A ,r B ) term can be expanded as in Eq. ͑23͒ and the matrix elements of the A AB (R,r A ,r B )S A •S B operator are given by
where the integrals
can be evaluated through the identity
They have the following form:
͑27͒
Quantum chemistry calculations usually produce the interaction potential at fixed values of total spin of the system V S rather than the spin-independent V AB and spin-dependent A AB parts of the total interaction. The matrix of the interaction potential V S can be evaluated in the total spin representation defined by
where the symbols in square brackets are Clebsch-Gordan coefficients. The interaction V S is diagonal in both S and M S quantum numbers and the off-diagonal elements in all other quantum numbers of the basis states are the same as given by Eq. ͑24͒.
The magnetic dipole interaction can be written as
where ␣ fs is the fine structure constant. 33 The matrix elements of the V dip operator are given by
͑30͒
To evaluate the integrals
it is convenient to write the components of the ͓S A S B ͔ (2) tensor in the following form:
The operators S A z ,S A Ϯ act only on the functions 
D. Collisions of 3 ⌺-molecules with 3 ⌺-molecules
The Hamiltonian of two molecules in the 3 ⌺ state can be obtained from Eq. ͑20͒ by adding to the asymptotic Hamiltonian ͑21͒ two terms describing the spin-spin interaction in the separated molecules. These terms have the same form as given by Eq. ͑15͒. The spin-spin operator matrix for molecule A ͑B͒ in the basis ͑22͒ is diagonal in quantum numbers with label B ͑A͒ and has the structure given by Eq. ͑16͒.
E. Symmetrization for collisions of identical molecules
The complete wave function of a pair of identical molecules must remain unchanged or invert sign under the transformation (R,r A ,r B )→(ϪR,r B ,r A ) interchanging the two molecules. The property of the wave function is determined by the Fermi-Dirac or Bose-Einstein statistics describing the atomic nuclei in the molecules. One way to account for the interchange symmetry is to solve the scattering problem as for two distinct molecules and symmetrize the scattering amplitude. This approach has been used in a recent study of H 2 -H 2 scattering. 34 In a rigorous solution with an infinite close coupling expansion, this would give an exact result. In practice, however, we need to approximate and a better procedure is to symmetrize the total wave function of the collision complex from the beginning. 2, 35 A new symmetrized and orthonormalized basis may be introduced in terms of the functions ͑22͒ as follows:
The elements of the coupling matrix U in the basis ͑34͒ can then be expressed in terms of the elements of the U-matrix in the basis ͑22͒ given in the preceding sections. Diagonalization of the asymptotic Hamiltonian in the basis ͑34͒ gives the molecular states in the symmetrized basis and the integration of the close coupled equations yields a symmetrized S-matrix from which the scattering amplitude can be derived following the presentations of Takayanagi 2 and Davison.
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III. SPIN DEPOLARIZATION
In order to predict the efficiency of buffer gas and evaporative cooling of molecules, it is necessary to understand the mechanisms driving collisionally induced spin depolarization in rotationally ground-state molecules. In this section we consider spin depolarization in collisions of 2 ⌺ and 3 ⌺ diatomic molecules with He atoms and with 2 ⌺ and 3 ⌺ molecules. 3 He is used in most buffer-gas loading experiments but we may neglect the weak interactions arising from the presence of nuclear spin.
He-2
⌺-molecule collisions
We have shown recently by numerical computations for He-CaH collisions without a magnetic field that the cross section for the M S ϭ1/2→M S ϭϪ1/2 transition in the N ϭ0 state of the CaH( 2 ⌺) molecule is sensitive to the energy separation between the Nϭ0 and Nϭ1 rotational levels and the value of the spin-rotation interaction constant ␥. 36 This suggested that the spin depolarization in 2 ⌺-molecules in the Nϭ0 state occurs through coupling to the rotationally excited levels and the action of the spin-rotation interaction in the excited level. This mechanism follows directly from Eqs. ͑12͒-͑14͒. The matrix of the electrostatic interaction ͑12͒ is diagonal in the M S quantum number and cannot induce any M S -changing transitions. The spin-rotation interaction ͑14͒ changing M S vanishes when Nϭ0. Therefore, if the couplings between Nϭ0 and NϾ0 in the electrostatic potential matrix ͑12͒ are omitted, the states (Nϭ0,Sϭ1/2,M S ϭ1/2) and (Nϭ0,Sϭ1/2,M S ϭϪ1/2) are completely uncoupled and the M S ϭ1/2→M S ϭϪ1/2 transition is not possible. The M S ϭ1/2→M S ϭϪ1/2 transition in the rotationally groundstate 2 ⌺-molecules is thus determined by an interplay of the electrostatic couplings between the Nϭ0 and NϾ0 levels and the spin-rotation interaction in the excited levels.
Due to conservation of the total angular momentum projection, the M S ϭ1/2→M S ϭϪ1/2 transition in the Nϭ0 state must be accompanied by the m l →m l ϩ1 transition. The spin depolarization, therefore, cannot occur in s-wave collisions without changing the orbital angular momentum l. The lϭ0→lϭ1 transition is forbidden 37 and the leading contribution to the M S ϭ1/2→M S ϭϪ1/2 cross section at low temperatures will be from the lϭ1→lϭ1 and lϭ0→lϭ2 scattering. The lϭ1→lϭ1 and lϭ0→lϭ2 cross sections have the same threshold behavior in the limit of zero collision velocity if the initial and final energy levels are degenerate. 38 The lϭ0→lϭ2 transition is, however, forbidden in field-free collisions of 2 ⌺-molecules in the Nϭ0 state with He due to conservation of the total angular momentum.
The magnetic field splits the energy levels with different values of M S . According to the Wigner law, 38 the lϭ1,M S ϭ1/2→lϭ1,M S ϭϪ1/2 cross section should then vary with collision velocity v as v and the lϭ0,M S ϭ1/2→lϭ2,M S ϭϪ1/2 cross section should vary as 1/v, when v is very small. Monitoring cross sections for spin-depolarization in He-2 ⌺-molecule collisions at ultralow energies would elucidate the relative importance of couplings between different total angular momenta induced by the magnetic field. Figure 1 shows cross sections for spin depolarization in 3 He-CaH( 2 ⌺ ϩ ,Nϭ0) collisions at ultralow energies and at different magnetic field strengths. The calculations were performed with the recent interaction potential 39 as described in Sec. II A. To verify our code we repeated the earlier calculations at zero magnetic field 36 and obtained the same results. The energy dependence of the cross sections changes from 1/v in the limit of v→0 to an increasing function of velocity at higher energies. That the upturn occurs at very low energies indicates that the couplings between the total angular momenta are relatively small in magnetic fields less than 4 T. The position of the minimum shifts toward larger collision energies with increasing magnetic field.
He-3
⌺-molecule collisions
N is not a good quantum number in 3 ⌺ diatomic molecules because of the spin-spin interaction ͑16͒ which mixes states with N and NϮ2. In the absence of a magnetic field, the states of a 3 ⌺ molecule can be characterized by the total angular momentum of the molecule jϭNϩS, the z-projection of the total angular momentum m j and a phenomenological quantum number n. where a j n and b j n are mixing coefficients. Equation ͑35͒ for the ground state can be rewritten as
where the symbols in square brackets are Clebsch-Gordan coefficients 30 and the omission of the quantum number n from the ket on the left-hand side and from the a j n and b j n coefficients indicates the ground state. The spindepolarization that drives molecules out of traps is ͑at Bϭ0) the ͉S jm j ͘→͉S jm j Ј͘ transition. The matrices of the spinrotation ͑14͒ and spin-spin ͑16͒ interaction are diagonal in the ͉nS jm j ͘ representation. The matrix elements of the electrostatic interaction potential between the functions ͉S jm j ͘ and ͉S jm j Ј͘ are
Because the interaction potential ͑12͒ is diagonal in M S , the first term in Eq. ͑37͒ vanishes and the remaining terms can be rewritten as
where the integrals ͗NM N ͉V͉NЈM N Ј ͘ are given by Eq. ͑12͒.
The relative magnitudes of b j and a j in Eq. ͑37͒ depend on the ratio of the spin-interaction constant SS to the energy separation of the Nϭ0 and Nϭ2 levels
If the ratio is small Hund's coupling case ͑b͒ is appropriate and if it is large the molecular state approximates Hund's coupling case ͑a͒. For light 3 ⌺ molecules, case ͑b͒ usually applies and Eq. ͑38͒ establishes that the spin-depolarization transition ͉S jm j ͘→͉S jm j Ј͘ in ground-state 3 ⌺ molecules is then determined by the anisotropic part of the electrostatic interaction. Spin flip occurs because during the collision the relative population of the Nϭ0 and (Nϭ2,M N ) states is changed by the atom-molecule interaction and hence so is m j . Collisionally induced spin-depolarization will be more efficient in molecules with larger spin-spin interaction constants and smaller separation between the Nϭ0 and Nϭ2 rotational levels. When SS ӷ␥, the role of the spin-rotation interaction in the molecule will be negligible in comparison and spin depolarization in heteronuclear molecules with smaller rotational energy spacings will be similar to that in homonuclear molecules. In the limit of zero b j , only the spin-rotation interaction is effective in mixing different spin states and the mechanism of the spin-depolarization transitions is the same as in 2 ⌺ molecules. 
͑40͒
The magnetic couplings are given by
and the wave function of a ground-state 3 ⌺ molecule in a magnetic field can be written to a good approximation as 
͑44͒
where we have used the symmetry property of the V-matrix.
In the limit of zero magnetic field, a→1, b, and c are zero and Eq. ͑44͒ reduces to one term given by Eq. ͑38͒. All the integrals in Eq. ͑44͒ may be expressed in terms of the couplings between the Nϭ0 and Nϭ2 states or the integrals of the type ͗Nϭ2͉V͉Nϭ2͘. The spin-depolarization transitions in collisions of 3 ⌺ molecules with He in a magnetic field are thus induced by the same couplings as in field-free collisions but the relative contribution of the ͗Nϭ2͉V͉Nϭ2͘ and ͗Nϭ2͉V͉Nϭ0͘ matrix elements depends on the magnetic field.
The ground state of 3 ⌺ molecules has a triplet of m j -states. The relaxation of the m j ϭ1 state is possible through transitions to the m j ϭ0 or m j ϭϪ1 states. Equation  ͑38͒ shows that all the three states are coupled directly. The spin-spin interaction constant SS is much larger than the spin-rotation interaction constant ␥ in most 3 ⌺ molecules.
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The spin-depolarization transitions in collisions of 3 ⌺ molecules with He should, therefore, be more efficient than spindepolarization in 2 ⌺ molecules. The lϭ0→lЈϭ2 transition in 3 ⌺ molecules is not restricted by the conservation of the total angular momentum and the Wigner rise of the cross section for spin-depolarization will begin at higher collision energies than in 2 ⌺ molecules, thereby leading to larger zero-temperature rate coefficients.
As an illustration, Fig. 2 shows cross sections for 3 He-NH( 3 ⌺ Ϫ ) collisions at ultralow energies and magnetic fields of 1, 2, and 4 T. The He-NH interaction potential was not available in the literature and the calculations were performed with the potential for Ar-NH interaction. 40 Only cross sections for the dominant M S ϭ1→M S ЈϭϪ1 relaxation are plotted. The Wigner rise of the cross sections starts at the collision energy of about 10 Ϫ3 cm Ϫ1 ͑compared to 10 Ϫ7 Ϫ10 Ϫ8 cm Ϫ1 in 2 ⌺ molecules͒ independently of the magnetic field strength. An experiment on magnetic trapping of NH molecules in the He buffer gas is underway at Harvard and we will soon present a detailed numerical study of low temperature He-NH collisions in a magnetic field.
3.
2
⌺-molecule-
2
⌺-molecule collisions
M S -changing transitions in collisions of two 2 ⌺ diatomic molecules can be induced by the spin-rotation interaction in the molecules ͑14͒, the spin-dependent part of the interaction potential ͑25͒, and the magnetic dipole interaction ͑29͒. The spin-dependent interaction potential ͑25͒ does not couple the state in which both colliding molecules have the maximal projection of spin to other spin states ͓cf. Eq. ͑26͔͒ and thus cannot induce spin-depolarization in collisions of two molecules with maximally stretched spins. The spin depolarization in the rotationally ground-state molecule occurs through an indirect mechanism involving virtual transitions to the excited N-states and the spin-rotation interaction and a direct mechanism determined by the magnetic dipole interaction ͑29͒. A comparison of our calculations 36 and the experimental measurements 7 for spin relaxation in He-CaH( 2 ⌺) collisions with the results for spin depolarization in collisions of alkali-metal atoms 16, 41 suggests that the direct transitions due to the magnetic dipole interaction are more efficient. Based on the results of Volpi and Bohn 28 and our calculations 21 we conclude that in the absence of nuclear spin-electronic spin interaction in the molecules, the Zeeman relaxation at threshold collision energies will increase dramatically with the magnetic field strength at low fields and become a slowly varying function of the magnetic field at high fields.
4.
3 ⌺-molecule-
3
⌺-molecule collisions
Due to the stronger magnetic dipole interaction and the presence of the spin-spin interaction, it is to be expected that spin-depolarization in collisions of 3 ⌺ molecules will be more efficient than that in collisions of 2 ⌺ molecules.
IV. SUMMARY
We have presented the formalism for quantummechanical close coupling calculations of cross sections for atom-molecule and molecular collisions in a magnetic field. The method is based on expansion of the wave function in direct products of space-fixed spin functions of the colliding particles and partial waves for the relative motion. The Hamiltonian matrices for the cases of 1 S-atom-
2 ⌺-molecule, and 3 ⌺-molecule-3 ⌺-molecule have been derived in the space-fixed uncoupled representation. Based on the expressions obtained, we have analyzed the mechanism for spin-depolarization in diatomic molecules. We have shown that spin relaxation of 2 ⌺ molecules in the Nϭ0 state is induced by collisions with structureless atoms through coupling to the excited NϾ0 levels and the action of the spin-rotation interaction. The relative separation of the Nϭ0 and NϾ0 levels is therefore extremely important for spin-depolarization in the Nϭ0 state. When there is no magnetic field, spin-depolarization in 2 ⌺ molecules with Nϭ0 is forbidden for s-wave collisions with 1 S-atoms. A magnetic field induces couplings between states of the total angular momentum and the cross section for spin depolarization varies inversely as the collision velocity in the low velocity limit to yield a finite zero temperature rate coefficient. We have shown that spin depolarization in collisions of rotationally ground-state 3 ⌺-molecules with 1 S-atoms is determined by electrostatic couplings between the Nϭ0 and N ϭ2 levels and the electrostatic interaction in the excited N ϭ2 level. The efficiency of spin relaxation will be small in molecules with a large separation between the rotational levels interacting with atoms through a weak potential and in molecules with weak spin-spin interaction. Zero temperature rate coefficients for spin depolarization in collisions of rotationally ground-state 3 ⌺ molecules with atoms in a magnetic field will be much larger than those for depolarization in 2 ⌺ molecules with Nϭ0. Spin-depolarization will generally be much faster in collisions of 3 ⌺ molecules than in collisions of 2 ⌺ molecules.
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APPENDIX: DIFFERENTIAL SCATTERING CROSS SECTION IN EXTERNAL FIELDS
To derive Eq. ͑7͒, we follow the work of Arthurs and Dalgarno 1 and Takayanagi. 2 The present derivation is different from theirs in that the basis functions are not coupled to form the total angular momentum representation and the direction of the quantization axis is fixed by the field rather than the vector of the initial collision flux. Alexander and Davis have also derived the scattering amplitude for collisions with the quantization axis determined by cell experiments 42 and the approach used here is similar to theirs. The wave functions ␣lm l corresponding to the entrance channel with quantum numbers ␣,l,m l are solutions to the Schrödinger equation
and the expansion ͑3͒ can be written as
Using the boundary conditions ͑6͒, Eq. ͑46͒ can be rewritten as
Assuming the incident flux is a plane wave, the wave function
must be of the form
Expanding the plane wave in partial waves
Ϫexp͓i͑k ␣ RϪl/2͔͖͒Y lm l ͑ R ͉͒␣͘ ͑A7͒
and comparing the coefficients in front of exp͓Ϫi(k ␣ R Ϫl/2)͔ in Eqs. ͑A7͒ and ͑A5͒ yields the following expressions for A ␣lm l :
͑A8͒
R i denotes the orientation of the initial collision flux with respect to the quantization axis. The scattered part of the wave function is the difference between the outgoing part of the total wave function and the outgoing part of the incident function given, respectively, by outgoing ϭϪ 1
